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Abstract 

In this work, we study the super-integrable systems in two-dimensional Euclidean space for particles with arbitrary spin. We 

show a new connection between deformed oscillator algebra and super-integrable systems with spin in the general form. 

Super-integrable systems of quantum mechanics are very interesting and favorite subjects for many physicists and 

mathematicians. Super-integrability is a guiding sign in search for exactly solvable problems. There exists an interesting class 

of the exactly solvable systems which were studied by Pronko and Stroganov (ps) [1]. This model is a prefect example of the 

class of super-integrable systems, including neutral particles with non-trivial spin and dipole moment interacting with an 

external magnetic field. The related quantum mechanical system, (PS) model, includes a magnetic dipole with spin 
1

2
 (neutron) 

moving in the field of a straight line current. This 2d system is maximally super-integrable, since it admits three integrals of 

motion [1]. We will recount and restrict ourselves to discussion of super-integrable systems with spin and generalize the PS 

model to the case of arbitrary spin and show that these quantum super-integrable systems can be described in terms of a 

deformed oscillator algebra [2,3,4]. The very existence of integrals of motion for super-integrable systems presents powerful 

tools for finding their spectrum energy of system by solving two equations which are determined directly by equations 

satisfied by the structure function [5]. The Hamiltonian for this super-integrable model of arbitrary spin can be represented 

in the form  H = 𝑝𝑥 
2  + 𝑝𝑦 

2  +
 μ(𝐬,𝐧)

𝑟
 ,  where μ(s,n) is a (2s + 1) × (2s + 1) dimensional matrix depending on n =  (𝑛𝑥, 𝑛𝑦), 𝑛𝑥 =

𝑥

𝑟
 , 𝑛𝑦 =

𝑦

𝑟
 . For each quantum super-integrable system there exists a quantum algebra and one can make a quantum algebra 

by using constants of motion, which is compatible with the deformed oscillator algebra as [2,4] 

     𝒩= 𝒩(H, 𝐴1, 𝐴2),          𝒩† =  𝒩,         𝒜 = 𝒜 (H, 𝐴1,𝐴2), 

[𝒩, 𝒜] = − 𝒜 ,         [𝒩, 𝒜†]= 𝒜† ,      [𝒜†𝒜, 𝒜𝒜†] = 0,                         (1)                   

𝒩 ∣ E, n〉 = n ∣ E, n〉,    𝒜𝒜†= Φ(H, 𝒩 + 1),    𝒜† 𝒜 = Φ(H, 𝒩),   

where Φ(E,n), named as structure function, is a real positive definite function and satisfies the following conditions: 

                        Φ(E, n) = 0,                    for                 n = 0    and           n = N + 1 

Φ(E, n) > 0,                  for                                 n = 1,2,3,... .               (2)                      

 

Indeed, if the relations (1) and (2) are satisfied, then the system possesses the structure of the deformed oscillator algebra, 

and we can therefore calculate the spectra of system from the Fock space of creation and annihilation operators.  After some 
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conditions, the general form of the Hamiltonian for the quantum system which describes neutral particle with arbitrary spin 

s in the field of rectilinear electric current is equation: 

                                           ℋ𝑠 = 𝑝𝑥 
2  + 𝑝𝑦 

2  +
 𝛍(𝐬,𝐧)

𝒓
 ,                                                        (3) 

where 𝑝𝑥 = −𝑖
𝜕

𝜕𝑥
,  𝑝𝑦 = −𝑖

𝜕

𝜕𝑦
,  r = x𝑖 ̂+ y𝑗̂ and s = (𝑠𝑥 , 𝑠𝑦, 𝑠𝑧)  is the spin operator. 

According to ref. [6], for super-integrability of the above Hamiltonian, it must have two additional integrals of motion 

                                                𝐴𝑥 =
1

2
(𝑝𝑥𝐽𝑧 + 𝐽𝑧𝑝𝑥) −

𝑦

2𝑟
 𝜇(𝒔, 𝒏) ,                                         (4) 

  𝐴𝑦 =
1

2
(𝑝𝑦𝐽𝑧 + 𝐽𝑧𝑝𝑦) +

𝑥

2𝑟
 𝜇(𝒔, 𝒏).     

Now, using the above idea, we define the deformed oscillator algebra by the following operators for the system defined by 

the Hamiltonian (3):  

𝒩 =  𝐽𝑧 +  𝑢1,          𝒜†=𝐴𝑥 +  𝑖𝐴𝑦  ,        𝒜=𝐴𝑥 − 𝑖 𝐴𝑦,      [𝐴𝑥 , 𝐴𝑦] = −𝑖𝐽𝑧ℋ𝑠               (5) 

where satisfy the following deformed oscillator algebra: 

[𝒩, 𝒜] = − 𝒜,                      [𝒩, 𝒜†]= 𝒜† ,              [𝒜†, 𝒜 ] = −2 𝐽𝑧ℋ𝑠.              (6) 

Therefore we can consider a direct sum of Fock spaces as the corresponding space of solutions and we name it as matrix 

Fock space if 

                                        Φ(Ế, n)I = 0,          for         n = 0 and   n = N + 1                               (7)              

Φ(Ế, n)I > 0,        for                         n=1,2,…                                                

where Ế is now the energy of the spectrum of system and I is the identity matrix for matrix representation of the Fock space.  

The structure function is also given by 

                                            ΦI = 𝒜† 𝒜 I = 𝐴𝑥
2 +  𝐴𝑦

2 − 𝑖 [𝐴𝑥 , 𝐴𝑦 ],                                          (8)                                   

and the  relation between constants of motion as the Casimir relation can be obtained as 

                                                 (𝐴𝑥
2 +  𝐴𝑦

2 )I = 𝐽𝑧
2ℋ𝑠 +

ℋ𝑠

4
+

𝜇2

4
,                                                   (9)              

where, by inserting it in the structure function, we get 

                               Φ(ℋ𝑠,𝒩)I = (𝒩 − 𝑢)2ℋ𝑠 +
ℋ𝑠

4
− (𝒩 −  u)ℋ𝑠 +

𝜇2

4
.                            (10)                        

From now on, we can write the Hamiltonian in (3) in terms of the structure function as 
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                                                            ℋ𝑠 = 
Φ(ℋ𝑠,𝒩)I− 

𝜇2

4

(𝒩−𝑢−
1

2
)

2 .                                                           (11) 

Now, according to the eigenvalue equation (ℋ𝑠 −ẾI)ψ = 0, we should solve the following equation for finding the non-zero 

solution: 

                                                              det(ℋ𝑠 − ẾI) = 0.                                                          (12)                            

It is also obvious that we must use the Fock space representation by using of the conditions of (7), that is the structure function 

should be zero for n = 0 and n = N + 1, and so, by solving the obtained equation, we can determine the constant of u and also 

the energy spectrum of the quantum maximally super-integrable system. 

Hence as application example, let us regard a special class of Schrodinger-Pauli equations describing neutral fermions with 

non-trivial dipole momentum interacting with the external magnetic field where 𝜇(𝒔, 𝒏) in Eq (3) for this model is the 

magnetic moment of the particle and is defined as   

𝜇(𝒔, 𝒏) = 𝜆(𝑠𝑥𝑛𝑦 − 𝑠𝑦𝑛𝑥 ),                                                          ( 13) 

where the coefficient  𝜆 is collected by all constants. 

Terefore, the final form of the PS model, based on the Schrodinger-Pauli Hamiltonian, will be 

ℋ𝑠 = 𝑝𝑥 
2  +  𝑝𝑦 

2  + 𝜆 
𝑦𝑠𝑥−𝑥𝑠𝑦

𝑟2 ,                                               (14) 

Now, let us take the matrix μ(s,n) according to eq. (13), and obtain the relation of  𝜇2 as 

𝜇2 = 
λ

۲

4
(

1 0
0 1

),                                                     (15) 

hence, the form of ℋ𝑠  in (11) will become 

ℋ𝑠   =  
(Φ−

𝜆2

16
)𝐼

(𝒩−𝑢−
1

2
)

2.                                                   (16) 

According to conditions (7), the structure function should be zero for n = 0 and n = N + 1, which, using eq. (12), easily gives 

the unknown parameter u, and then we calculate the degenerate spectrum of energy as 

u =
𝑁

2
,    Ế =

−𝜆2

4(𝑁+1)2.                                                  (17) 

Other applicable examples for spin 1 𝑎𝑛𝑑 
3

2
  can be seen in Ref. [5, 6].           

 Conclusion 
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In this paper, we have studied the interesting class of systems in 2-dimensional Euclidean space, which have more than two 

integrals of motion. The presented systems have neutral particles with arbitrary spin in the magnetic field. We have shown 

that these quantum maximally super-integrable systems with spin can be described in terms of a deformed oscillator algebra. 

We have calculated the spectra of the system by solving two equations obtained from the structure function [5]. 
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