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ooverall outline (3h) 

1. brief context 
2. DE/MG modelling 
3. gevolution: relativistic N-body sims, 

backreaction 

4. cosmological surveys 
•  a bit of statistics 
•  current surveys (and details of Planck) 
•  future surveys (and details of Euclid) 

5. current DE/MG constraints (Planck XIV) 
“if you mix theory and observations you don’t do 
anything … or at least not very well” 

David Mota on Saturday  



TThe Nobel Prize 2011 
"for the discovery of the accelerating expansion of the 
Universe through observations of distant supernovae" 

(Riess et al. 1988) 

‘JLA’ 2014 

dimming of supernovae 
as function of 
redshift 



can the data be wrong? 

CMB alone 
rules out no 
accelerated 
expansion at 
high 
significance 
 

… 
 
cosmic 
concordance 
would require 
quite a 
conspiracy for 
data to fail 
consistently? 

Planck 2015 
“supernova-free test” 



Planck vs ΛCDM 

cyan curve: 
best fit 6-parameter flat 
ΛCDM model 
 
fits millions of CMB pixels 
(or thousands of Cl) 
 
Planck 2015 TT combined 
ell range 30 – 2508 
Χ2 = 2546.67 
Ndof = 2479 
PTE 16.8% 
 
reasonable fit except maybe 
at lowest ell’s 



WWhat’s the problem with ? 

Evolution of the Universe: Classical problems of the 
cosmological constant: 
 
1.  Value: why so small? 

Natural?       
(but is 0 more natural?) 

2.  Coincidence: Why now? 



PPossible explanations 

1.  It is a cosmological constant, and there is no problem 
( anthropic principle , string landscape ) 

2.  The (supernova) data is wrong 

3.  We are making a mistake with GR (aka 
backreaction ) or the Copernican principle is 

violated ( LTB ) 

4.  It is something evolving, e.g. a scalar field        
( dark energy ) 

5.  GR is wrong and needs to be modified        
( modified gravity ) 

 

(more discussion needed? ☺) 

logical

(gevolution) (gevolu

4.

5.



w during inflation 
(Ilic, MK, Liddle & Frieman, 2010) 

•  Scalar field inflaton:     and r = T/S ~ 24 (1+w) 
 
•  Link to dw/da:   

WMAP 5yr constraints on w: 
•  (1+w) < 0.02 
•  No deviation from w=-1 visible 
(but  of course not clear if 
applicable to dark energy) 
 

 inflation was not an (even effective) cosmological constant! 
 inflation is one measurement ahead of dark energy research! 

ns ≠ 1 => ε ≠ 0 or η ≠ 0 
=> w ≠ -1 and/or w not constant 
=> not a cosmological constant! 



wwhat is the “consensus” 2015? 



action-based approach 

Actions specify the model fully 
  but not all properties may be immediately obvious 
  examples: tracking, behaviour in non-linear regime, stability and 
ghost issues 
  and, of course, we need to specify the action 

GR + 
scalar field: S = Sg + Sφ =

∫
d4x

√−g

(
R

16πG
+

1

2
gμν∂μφ∂νφ+ V (φ)

)

δS[gμν , φ]

δgμν
= 0

δS[gμν , φ]

δφ
= 0

Gμν = 8πGTμν

φ̈+ 3Hφ̇+ dV (φ)/dφ = 0

gravity e.o.m. 
(Einstein eq.): 

scalar field 
e.o.m. : 

δS[gμν , φ]

δgμν
= 0

μν



effective (field) theories 
•  model observations on scales of interest 
•  ignore degrees of freedom on much smaller scales 
•  example: fluid dynamics where we model a fluid in 

terms of density ρ, pressure p and velocity field v 
without caring about the physical atoms that make 
up the fluid 

•  typically needs a separation of scales 
•  examples of effective QFT’s that worked well: 

–  Fermi theory of the weak interaction where W and Z are 
integrated out and we have four-fermion interactions, works for 
E < 100 GeV 

–  Chiral perturbation theory for low-energy dynamics of QCD, 
where gluons are replaced by pion mediated interactions 

•  EFT’s are often non-renormalizable 
•  no problem, they are not fundamental theories! 



effective theory of  elasticity 

* O **
r 

r’ 

u 

•  either build detailed model at molecular level 
•  or effective model of deformations 

effective d.o.f  
deformation tensor: 

lessons: 
•  valid only in a certain regime (eg. no big deformations, not crystals) 
•  can be written in different ways, some better for physical interpretation 

uij =

(
∂ui

∂xj
+

∂uj

∂xi

)

expand energy in 
terms of deformation: 

apply symmetry constraints: isotropy + homogeneity  λ2 scalar const. 

E = E0 + λij
1 (x)uij + λijkl

2 (x)uijukl + . . .

E = E0 +
1

2
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i
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vanishes because of definition of ‘no deformation’ 
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effective theory of  dark energy 
different approaches, but generally: 
•  define 3+1 split (FLRW or based on uniform scalar field hypersurfaces)  
•  geometry can then be described by 3Rμν, extrinsic curvature Kμν, g00 or N 
•  now expand action (e.g. Gleyzes et al, 2015) 

the coefficients can be collected in different ways, impose 
isotropy & homogeneity & conditions to ensure no more than 2nd 
derivatives in e.o.m. 



impose conditions 

a compact notation is (Bellini & Sawicki 2014, Gleyzes et al 2015) 

 6 free coefficients: M(t) [or αM(t)], αT(t), αK(t), αB(t), αH(t) and H(t) 

(Cheung et al, 2008; Gubitosi et al, 2013, Bloomfield et al 2013, … below is Bloomfield 
used in in EFTcamb, contains also higher derivatives, models w/Lorentz violation) 



interpretation of  EFT d.o.f. 
(mostly Bellini & Sawicki 2014) 
•  H(t): background evolution 
•  αK(t): “kineticity” – kinetic energy, large αK  small cs

2;  

•  αB(t): “braiding” – mixing of kinetic terms and metric, contributes 
to DE clustering 

•  αM(t): “Planck mass run rate”, αM=1/(2H) d(lnM2)/dt, contributes 
to anisotropic stress 

•  αT(t): “tensor speed excess”, also contributes to anisotropic stress 
•  αH(t): “beyond Horndeski”, higher order term in Einstein eq. that 

cancels in e.o.m. 
These are ‘properties of the material’ (i.e. dark energy) and to be 
measured from data, there is no a priori hierarchy in EFT’s 
 
there are also stability conditions on the αi like cs

2>0, cT
2>0, positive 

kinetic terms, cf Bellini&Sawicki 2014 
 

 Luca’s lectures 



link to scalar fields/Horndeski 
(Bloomfield 2013, here following again Gleyzes 2015) 
Use ‘Stückelberg trick’ to restore general covariance and reintroduce scalar field perturbations 

 t  t+π(t,x) ; φ = φ0(t+π) = φ0(t) + δφ 
the functions then transform as 
 
 
and the `Stückelberg field’ π e.o.m. is 

for αH=0 this is equivalent to Horndeski (Bloomfield 2013), but the EFT approach 
is explicitly NOT supposed to be a ‘fundamental theory’! 

⇒ δϕ = ϕ̇π



brief  aside on non-local models 
could be a talk on its own, suffice to say that some model classes 
are not reflected in EFT, e.g. non-local models like (Maggiore et al) 

Non-local models are themselves effective models, unlikely to be 
fundamental. Nice aspect: different from LCDM but fitting the data 
as well – Euclid will be able to tell them apart, good benchmark 

important on 
large scales 

lensing potential 
NL vs LCDM 



action-based approach 

•  The equation of motion of Φ corresponds to a fluid with certain 
parameters (sound speed = speed of light, no anisotropic stress) 

•  The free function V(Φ) corresponds to a choice of w(z) or H(z) 
•  Can we bypass the field-based model and look at w or H directly? 

This eliminates possible degeneracies with observations too! 

GR + 
scalar field: S = Sg + Sφ =

∫
d4x

√−g

(
R

16πG
+

1

2
gμν∂μφ∂νφ+ V (φ)

)

δS[gμν , φ]

δgμν
= 0

δS[gμν , φ]

δφ
= 0

Gμν = 8πGTμν

ρφ =
1

2
φ̇2 + V (φ)

pφ =
1

2
φ̇2 − V (φ)

φ̈+ 3Hφ̇+ dV (φ)/dφ = 0

gravity e.o.m. 
(Einstein eq.): 

scalar field 
e.o.m. : 

δS[gμν , φ]

δgμν
= 0

μν

w = p/ρ w = p/ρ

+ V (φ)

)



phenomenology of  the dark side 

geometry 
stuff 

(what is it?) 

something 

something 
else 

your favourite theory 

Gμν = 8πGTμν

(determined by 
the metric) 

(
ȧ

a

)2

=
8πG

3
ρ

ρ̇ = −3
ȧ

a
(1 + w)ρ

D 

δ F 

L 

distances d ∼
∫ z

0

dz

H(z)



“effective” scalar field fluids 

How about perturbations? It works too! 

Newtonian 
gauge 
perturbation 
equations 
(cf Ruth Durrer) 

“dictionary” from 

δS[gμν , φ]

δgμν
= 0

Gμν = 8πGTμν

δS[gμν , φ]

δφ
= 0

perturbation e.o.m. 
from 



“effective” scalar field fluids 
What is the equivalent model? 
•  Introduce rest-frame sound speed 

 δp = cs
2 δρ 

•  gauge transformation to Newtonian gauge 

 

•  magic correspondence: evolution of linear scalar field 
perturbations correspond to fluid with 

cs
2=1, σ=0 

•  e.g. K-essence is generalization to arbitrary cs
2= K,X/

(K,X+2XK,XX)  (and KGB to more complicated δp) 

•  physics determines how much freedom is in functions 



the background case 

•  wi describe the fluids 
•  normally all but one known 

•  H|a describe observables 
(distances, ages, etc) 

metric “template” 

Einstein eq’n 

conservation 

ρ

H ρ

w

. 



perturbations 

metric 
perturbations 

fluid 
evolution 

conservation eq’s 

Einstein eq’s 

fluid 
properties 

metric (gauge fixed, scalar dof) 

, 



General Argument 
modified “Einstein” eq: 
(projection to 3+1D) 

Yμν can be seen as an effective DE energy-
momentum tensor. 

Is it conserved?  
Yes, since Tμν is conserved, and since Gμν obeys the 

Bianchi identities! 
There is also no place “to hide”, since Tμν is also 

derived from a general symmetric tensor. 



the geometric EMT 
(G. Ballesteros, L. Hollenstein, R. Jain & MK) 

δρG = −2M2
P

[
3H

(
φ̇+Hψ

)
− a−2∇2φ

]

δpG = 2M2
P

[
φ̈+H

(
3φ̇+ ψ̇

)
− 3wGH

2ψ − 1

3
a−2∇2Π

]

δqμG = −2M2
P δiμ

[
∂i

(
φ̇+Hψ

)]

δπμν G = M2
P δiμδ

j
ν

[(
∂i∂j − 1

3
δij∇2

)
Π

]

Π = φ− ψ

1 + wG = −2

3

Ḣ

H2

We can always reconstruct an effective fluid 
EMT that gives the observed metric! 



DE phenomenology 

a(t) 

ds2 = −(1 + 2ψ)dt2 + a(t)2(1− 2φ)dx2

∇⊥(φ+ ψ)

∇ψ

deviations from “standard clustering”: 
We expect 
   μ = 1 
   η = 1 
at low z 

(lensing) 
(velocity field) 

(many equivalent parametrisations cf e.g. MK 2012) 

−k2Ψ ≡ 4πGa2μ(a,k)ρΔ

Φ ≡ η(a,k)Ψ •  extra clustering 
•  Geff/G 
•  something else 

observations probe space-time geometry 
 characterize geometry instead of fluid 



a hierarchy of  DE modelling 

fundamental action based models 

equivalent fluid description 

phenomenological metric parameters 

cosmological observations 
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some model predictions 
scalar field: 

One degree of freedom: V(φ)  <->  w(z)   therefore 
other variables fixed: cs

2 = 1, σ = 0                            
-> η = 0, Q(k>>H0) = 1, Q(k~H0) ~ 1.1 

(naïve) DGP: compute in 5D, project result to 4D 

Scalar-Tensor: 

Q (DGP) 

η (DGP) 

0 1 a 

1 

1.3 

0 

-0.4 

implies large 
‘DE’ perturb. 

Lue, Starkmann 04 
Koyama, Maartens 06 

Boisseau, Esposito-Farese, Polarski, Starobinski 2000,   
Acquaviva, Baccigalupi, Perrotta 04 

f(R):                                                similar to scalar-tensor Sg =

∫
d4x

√−gf(R)

−k2Φ = 4πGa2QρΔ



simplified observations 

•  Curvature from radial & transverse BAO 
•  w(z) from SN-Ia, BAO directly (and 

contained in most other probes) 
•  In addition 5 quantities, e.g. φ, ψ, bias, δm, Vm 
•  Need 3 probes (since 2 cons eq for DM) 
•  e.g. 3 power spectra: lensing, galaxy, velocity 
•  Lensing probes φ + ψ
•  Velocity probes ψ (eg z-space distortions) 
•  And galaxy P(k) then gives bias 

 (-> Euclid ☺ ) 



ssummary so far 
•  data requires some kind of dark energy 

•  cosmological constant fits, but is a bit unsatisfactory 

•  no other obvious natural fundamental theories 

•  so build effective theory that models d.o.f. 

•  EFT – assumptions under control, but possibly limited 
•  effective fluid – in the middle, can be linked to either 
•  explicitly model geometry – fully general but may 

contain ‘impossible’ things 
•  freedom in effective functions depends on physics that 

you want to model / test 

•  still need to find a fundamental theory 

•  how about non-perturbative / non-linear effects like screening 

•  and how about non-perturbative / non-linear aspects of GR? 



LTB and Backreaction 

Two large classes of models: 
 
•  Inhomogeneous cosmology: Copernican Principle 

is wrong, Universe is not homogeneous (and we 
live in a special place). 

•  Backreaction: GR is a nonlinear theory, so 
averaging is non-trivial. The evolution of the 
averaged  FLRW case may not be the same as 

the average of the true Universe. 



ttesting the Copernican principle 

1.  Is it possible to test the geometry (Copernican principle) directly? 

2. Yes!  Clarkson et al, PRL (2008) -> in FLRW (integrate along ds=0): 

It is possible to reconstruct the curvature by comparing a distance 
measurement (which depends on the geometry) with a radial 
measurement of H(z) without dependence on the geometry. 
 
Baryon Acoustic Oscillations may be able to do that  
(or in future redshift drift or supernova dipole). 



Lemaitre-Tolman-Bondi 

We live in the center of the world! 
 
LTB metric: generalisation of FLRW to spherical 

symmetry, with new degrees of freedom 
-> can choose a radial density profile, e.g. a huge 

void, to match one chosen quantity 
☺ can mimic distance data (need to go out very far) 
☺ demonstrates large effect from inhomogeneities 

 unclear if all data can be fitted (D, H, ISW, kSZ) 
 mechanism to create such huge voids? 
  fine-tuning to live in centre, ca 1:(1000)3 iirc 
 probably not (but needs testing!) 



Backreaction 
normal approach: separation into “background” and “perturbations” 

but which is the “correct” background, and why should it evolve as if it 
was a solution of Einsteins equations? The averaging required for the 
background does not commute with derivatives or quadratic 
expressions, 

-> can derive set of averaged equations, taking into account that 
some operations not not commute: “Buchert equations” 



average and evolution 

the average of the evolved universe is in general 
not the evolution of the averaged universe! 

(diagram by Julien Larena) 



Buchert equations 
•  Einstein eqs, irrotational dust, 3+1 split (as defined 

by freely-falling observers) 
•  averaging over spatial domain D 
•  aD ~ VD

1/3     [<-> enforce isotropic & homogen. coord. sys.] 
•  set of effective, averaged, local eqs.: 

 (θ expansion rate, σ shear, from expansion tensor Θ) 
•  <ρ> ~ a-3 

•  looks like Friedmann eqs., but with extra contribution! 

if this is positive then  
it looks like dark energy! 



Backreaction 
•  ☺ is certainly present at some level 
•  ☺ could possibly explain (apparent) acceleration 

without dark energy or modifications of gravity 
•  ☺ then also solves coincidence problem 

•   amplitude unknown (too small? [*]) 
•   scaling unknown (shear vs variance of 

expansion) 
•   link with observations difficult 

[*] Poisson eq:                                        (k = aH : horizon size) 
 
=> Φ never becomes large, only δ ! (but this is not a sufficient argument) 
 

 look at  ‘weak-field’ fully relativistic N-body code that works as long as Φ << 1 

−
(

k

Ha

)2

φ =
3
2
δ



Julian Adamek, David Daverio, Ruth Durrer and Martin Kunz 
 
with additional work by Enea Di Dio and Chris Clarkson, 
and some early work by Miki Obradovic 
 

based on arXiv:1308.6524, arXiv:1401.3634,           
arXiv:1408.2741, arXiv:1408.3352, arXiv:1509.01699       
as well as ongoing work 

gevolution: relativistic N-body sims 

gevolution lead developer, 
simulation runs+analysis 

LATfield2 lead developer 

GR expert 

MG N-body: David Mota! ☺ 



bbasic idea 

•  full numerical General Relativity is a killer (no global 
coordinate system, hard pde’s, …) 

•  but in standard cosmology we are close to FLRW 

•  and the potentials should remain small on all scales! 

   (Δ ~ k2  small scales: k large, δ large, Φ stays small) 
•  use weak field approximation 

•  metric perturbations stay small: all okay (?) 
•  metric perturbations become large: uh oh (?) 



aapproximation scheme 

•  beyond linear order vector and tensor perturbations 
couple to scalar perturbations, so need everything: 

•  metric perturbations are supposed to remain small: 
keep them only to linear order 

•  density perturbations will become large: keep to all 
orders 

•  velocities and gradients of the metric pert’s are 
intermediate: keep to second order 

•  the metric is a field on a grid, the matter phase-space 
is sampled by N-body particles  particle-mesh 



fformalism I : relativistic Poisson eq. 

Now just ‘crank the handle’: compute Einstein and 
geodesic equations 
example: 0-0 equation for LCDM (  Poisson eq.): 
 
 

 
 
  diffusion-type equation for Φ, estimate of diffusion to 
dynamical (free-fall) time scale for structure of size r: 

  expect to be driven towards ‘equilibrium’ solution, 
which is given by solution of Poisson eq. 

<<1 for r << rH 



fformalism II : ‘non-Newtonian’ quantities 

traceless part of space-space Einstein equations: 
 
 

 
 
•  χ=Φ-Ψ is our second scalar variable 

•  we solve first the Φ equation and move Φ2 terms to rhs 
•  we solve this equation in Fourier space where we can 

easily split it into spin components 
•  one elliptic constraint for scalar χ 
•  two parabolic evolution equations for Bi 

•  two wave equations (hyperbol.) for hij (which atm 
we don’t solve) 



fformalism III : geodesic equation 

•  Finally, massive non-rel. particles follow geodesic eq: 

•  tensors do not contribute in non-relativistic limit, but 
vectors do (cf also Obradovic et al, arXiv:1106.5866) 

•  geodesic equation can be generalized to arbitrary 
momenta, in which case vectors, tensors and Φ 
contribute at same level as Ψ 

•  Newtonian gravity just retains first 3 terms 
•  We integrate the particle motion alternatingly with the 

field update using a staggered leapfrog 
 



tthe ‘1D’ universe 

phase space 

density 

potentials 
smooth & 
constant 



TThe 3D code 

•  3D is computationally much harder than 1D 

•  Luckily we had just improved our field theory / cosmic 
string simulation framework LATfield2: 

•  2D (rod) parallelization w/ MPI 

•  transparent handling of fields 

•  I/O server (providing Tb/s bandwidth to I/O cores) 

•  fully distributed FFT with excellent speed-up 

•  LATfield2 is available at latfield.org 

•  LATfield2 is also handling our particle ensemble and 
projection/interpolation (not yet part of public release) 

•  gevolution will also be soon available at                 
https://github.com/gevolution-code/gevolution-1.0.git  

•  current runs take ~5h on 16k cores for (4096)3 grids 



33D simulation framework: LATfield2 

A C++ framework for parallel field simulations. Hides all the 
parallelization. No need to think about it from 4 cores to …. (tested 
up to 72,000, designed to scale to > 106 cores) 
 

(D. Daverio 
MSc thesis) 

focus: easy to use & efficient 

comparison (4096)3 to (1024)3 grid 
for a cosmic string simulation 



pprogress in topological defect simulations 

•  ca 1998: global defects, 4003 grid  [~1 Gflop/s…] 
•  single vector processor (NEC SX3) 

•  ca 2005: cosmic strings, 5123 grid 
•  MPI code w/ ‘1D’ parallelisation (FFT issue) 

•  ca 2009: cosmic strings, 10243 grid 
•  bigger computer (some other improvements) 

•  2012+: cosmic strings, 40963 grid 
•  ‘2D’ parellelisation (MPI), scales to >105 cores 
•  huge improvement in simulation quality 
•  could do 81923 on Piz Daint (#6 on top500 list) 
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aaverage and evolution 

the average of the evolved universe is in general not the evolution of the 
averaged universe! 

(diagram by Julien Larena) 

effect would become important around structure formation, same as DE



ddeviation from FLRW background 
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•  absorb Ψ zero mode into time redefinition 
•  interpret Φ zero mode as correction to chosen 

background evolution a(t) 
•  can check if background evolves differently than 

in FLRW  not possible in Newtonian simulations! 



bbackreaction seems to stop! 

Earlier keq should 
increase effect (  
Clarkson & Umeh arXiv:
1105.1886) 
 
 
True at early times, but 
correction stops 
increasing when density 
perturbations go non-
linear! 
 
(Perturbation theory 
diverges there, can’t 
predict what happens) 

Is backreaction self-limiting? Can we understand this? Is backreaction self-limiting? Can we understand this? 
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estimate 



LLayzer-Irvine equation & virialization 

correction to expansion rate from zero mode: 
 
equation for evolution of zero mode: 
 
 
 
 
(In a ‘Newtonian interpretation’, using 2T = Σmivi

2 and 2U = Σmiψ(xi) ) 
 
Newtonian gravity:  

 Layzer-Irvine equation 
  virialization: 2T = -U 
 zero mode approaches a constant value 

 correction to expansion rate 
    goes to zero in the virial limit! 

correction to expansion rate 
 goes to zero in the virial limit!

(and relativistic corrections appear to be small) 



ttheory conclusions 

•  data requires some kind of dark energy 
•  non-linear effects in GR only lead to small deviation of 

geometry from FLRW 
•  (but still need to compute observables to be certain) 
•  cosmological constant fits data, but is unsatisfactory (?) 
•  no other obvious/natural fundamental theories (?) 
•  build effective theory that models d.o.f. (EFT, effective 

fluids, phenomenological geometry parameters) 
•  but fundamentally need to rule out LCDM first! 
•  and many other things to test (isotropy, homogeneity, 

initial conditions, what else?) 



ooverall outline (3h) 

1. brief context 
2. DE/MG modelling 
3. gevolution: relativistic N-body sims, 

backreaction 

4. cosmological surveys 
•  a bit of statistics 
•  current surveys (and details of Planck) 
•  future surveys (and details of Euclid) 

5. current DE/MG constraints (Planck XIV) 



statistical interlude 
•  Typical case: Data D={(xi,yi,σi)}  [σ: error on y] 

•  Assumption: P(yi|xi,y(x),σi)= N(y(xi),σi
2) indep. 

•  In general y(x) is a function of parameters θ,                   
e.g. y(x) = a*x+b -> θ={a,b} 

 

⇒   define  
 

2 has chi-square distribution with = (# data points) -               
(# parameters) degrees of freedom 

•  best fit at            ( maximum likelihood , ML) 

•  can check goodness of fit  of minimal 2 

•  Taylor expansion of at 2 ML ->    
 -> Cov(θj,θk)=(H-1)jk 

•  P(D|θ) only normal in θ if model y(x;θ) is linear in θ! 

χ2 =
∑

i

[yi − y(xi; θ)]2

σ2
i

∂χ2

∂θj
= 0

Hjk ≡ 1
2

∂2χ2

∂θjθk

→ P (D|θ) ∝ e−χ2/2



Bayesian statistics 

•  In general we want to know the underlying 
parameters θ, i.e. P(θ|D), not P(D|θ) 

•  P(θ|D) has no probabilistic interpretation in a 
frequentist sense: the parameters θ are not random 
variables 

•  Bayesian interpretation: limited knowledge  

•  Formally just application of Bayes theorem: 

•  Mathematical proofs exist that construction is at least 
self-consistent (cf eg Cox theorem) 

P (D, θ) = P (D|θ)P (θ) = P (θ|D)P (D) ⇒ P (θ|D) = P (D|θ) P (θ)
P (D)



Bayes theorem example 

•  You have a test that can identify a dangerous but 
rare illness with 99.99% probability and gets it 
wrong in only 0.01% of cases 

•  1 in 1’000’000 persons has that illness 
•  should you get chemotherapy if you fail the test? 



Bayes theorem example 

•  You have a test that can identify a dangerous but 
rare illness with 99.99% probability and gets it 
wrong in only 0.01% of cases 

•  1 in 1’000’000 persons has that illness 
•  should you get chemotherapy if you fail the test? 
 
X: has illness, Y: fails test 
P(Y|X) = 0.9999 
P(X|Y) = P(Y|X)P(X)/P(Y) ~ 1*10-6*104 ~ 10-2!!! 



Parameter estimation 

•  P(D|θ) : likelihood L(θ)  -> given  by experiment 
•  P(θ|D) : posterior         -> that s what we want 
•  P(θ) : prior                  [P(D) : left for later] 
•  Prior: necessary, measure on parameter space, 

typical choices:  
–  P(θ) constant -> flat prior , P(D|θ) ~ L(θ) 
–  P(θ) ~ 1/θ -> prior flat in log(θ) -> no scale for θ 
(there is a whole literature on how to choose priors) 

•  What to estimate? 

–  Mean & error: μθ = Σθ θ P(θ|D), C(θi,θj) [as before] 
–  Maximum: maxθ P(θ|D)  -> max. likelihood for flat prior 
–  credible regions , e.g. 95% parameter volume  

P (θ|D,H) =
P (D|θ,H)P (θ|H)

P (D|H)



Model selection 

•  So far we always assumed model to be known. 
•  If not, then we can add overall dependence on M  

•  we want to know P(M|D) 
•  Bayes again: P(M|D) = P(D|M) P(M) / P(D) 
•  And 

•  Since  

P (θ|D,M) = P (D|θ,M)
P (θ|M)
P (D|M)

)
P (D|M)

)
 P D|M  P(D|M) P

P (D|

D|M)

∫
P (θ|D,M)dθ = 1

P (M1|D)
P (M2|D)

=
P (M1)
P (M2)

P (D|M1)
P (D|M2)

=
P (M1)
P (M2)

B12

P (D|M) =
∫

dθP (D|θ,M)P (θ|M)P (D|M) =
∫

dθP (D|θ,M)P (θ|M) (likelihood used as f(θ) 
but normalised wrt D!) 



goodness of  fit vs model selection 
250 coin tosses: 140 heads, 110 tails  (<- D) 
Coin biased or not?  
 
Likelihood: binomial 
 
coin unbiased: p=1/2 => P(nh≥140|p=1/2) ~ 0.033 
-> looks bad! 
 
 

P (nh, nt|p) =
(nh + nt)!

nh!nt!
pnh(1 − p)nt



goodness of  fit vs model selection 
250 coin tosses: 140 heads, 110 tails  (<- D) 
Coin biased or not?  
 
Likelihood: binomial 
 
coin unbiased: p=1/2 => P(nh≥140|p=1/2) ~ 0.033 
-> looks bad! 
 
Bayes: M0: p=1/2,  M1: p free parameter, P(p) uniform in [0,1] 
 
 
 
 
-> bad absolute goodness of fit should make you suspicious, but 

still need to find a better model! 

P (nh, nt|p) =
(nh + nt)!

nh!nt!
pnh(1 − p)nt

P (D|M0) ∝ 1/2nh+nt

P (D|M1) ∝
∫ 1

0

dppnh(1 − p)nt =
nh!nt!

(nh + nt + 1)!

P (D|M1)
P (D|M0)

≈ 0.48



model selection 
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but even for M2: p=0.56 
P(D|M2)/P(D|M0) ~ 6.1 
 
(normally want B >> 10 
for a strong  result) 



Practical aspects 

Often 10+ parameters (sometimes much more!) 
Grid with 5 points on each side: 510 ~ 107 points 

-> how to deal with high-dimensional spaces? 

•  Analytical approximation: Gaussians 
•  Numerical methods: MCMC 

We would like a simple way to forecast accuracy of 
future experiments 

•  Fisher matrix formalism 
•  (or just create a fake likelihood and analyze it) 



Fisher matrix formalism 
•  Fisher information matrix: measures information 

about parameters θi, defined as var(score), or 

•  Expectation is taken over data realizations for 
given (fixed) model and ‘fiducial’ parameters 

•  Inverse of Fisher matrix can be seen as ‘lower 
bound’ on covariance matrix (Cramer-Rao bound) 

•  All results for Gaussians also apply here 
•  Due to expectation value, we don’t need actual 

data realizations, only the specification of the 
experiment 

Fij = 〈Hij〉 = −
〈
∂2 lnL

∂θi∂θj

〉



Calculating Fisher matrices 
•  Explicit computation… simple form for normal data: 
 
 
•  If you have a set of observables Ok and know the 

(expected) errors σk on Ok, then you can do error 
propagation: 

–  this generalizes in the obvious way to a covariance matrix 
for the Ok 

–  If you have relative errors δk = σk/Ok then  

Fij =
∑
k

∂Ok

∂θi

1

σ2
k

∂Ok

∂θj

Fij =
∑
k

∂ lnOk

∂θi

1

δ2k

∂ lnOk

∂θj

Fij =
(
∂θiμ

TC−1∂θjμ
)
+

1

2
tr
(
C−1∂θiCC−1∂θjC

)



simple Fisher example 
Simple Gaussian example (w/ sufficient statistics): 
 
 
 
second derivatives of ln(L) and expectation: 
 
 
 
 

–  The Fisher matrix is diagonal  errors independent 
–  error on μ: σ/√n, error on σ: σ/√(2n) 
–  no actual data realization is required 
–  the true posterior of σ is non-Gaussian 

=
1

(2πσ2)n/2
exp

{
−n(μ − x̄)2 + nS2

2σ2

}
L(μ, σ) = P (D|μ, σ)

∂2 lnL

∂μ2
= − n

σ2
→ − n

σ2

∂2 lnL

∂σ2
=

n

σ4

(
σ2 − 3S2 − 3(μ− x̄)

) → −2
n

σ2

∂2 lnL

∂σ∂μ
=

n

σ3
(2(μ− x̄)) → 0

(
nx̄ =

∑
i

xi, nS2 =
∑

i

(xi − x̄)2
)



Markov-Chain Monte Carlo 

Aim: create ensemble of parameter samples {θ(i)} 
that are drawn from posterior pdf, i.e.  
   P(θ|D) ~ 1/N Σi δ(θ-θ(i)) 

 
-> expectation values: <g(θ)> ~ 1/N Σi g(θ(i)) 
-> marginalisation becomes projection, just drop 

the parameters that you want to marginalise 
-> credible region: find volume enclosing x% of 

points (marginalise first for less dimensions) 
 
Most popular algorithm: Metropolis-Hastings 



Metropolis-Hastings 
0. init: choose random point x in parameter space 
1. step: choose new point y from proposal distribution q(y|x) 
2. test: accept new point with probability min[1,P(y)/P(x)] (*) 
3. if accepted set x=y 
4. store x (even if not changed!), go to 1 and repeat 
 
(*) this condition assumes symmetric proposal distribution,    

q(y|x) = q(x|y) otherwise acceptance prob. slightly more 
complicated, min[1,{P(y)q(y|x)}/{P(x)q(x|y)}]. 

 
•  Burn-in: initial period, should be discarded 
•  Convergence: need to collect samples until we have a fair 

sample of target distribution, this can be difficult to judge 
(impossible in general). Diverse criteria exist. 

0. init: choose random point x in parameter space 
1. step: choose new point y from proposal distribution q(y|x) 
2. test: accept new point with probability min[1,P(y)/P(x)] (*) 
3. if accepted set x=y
4. store x (even if not changed!), go to 1 and repeat 



Metropolis-Hastings II 

In theory the algorithm converges independently of 
the choice of proposal distribution q(x|y), in 
reality this tends to be the most important choice.  

 
Usual choice is 2.3*Gaussian centered on x with 

parameter covariance matrix (-> rotated 
ellipsoid).  

 
Of course to do this one needs to know the answer   

-> re-compute covariance matrix on the fly, but in 
principle need to fix it for samples used in 
analysis. 

 



Practical model selection 
The integration over (Likelihood)x(prior) is normally 

hard, MCMC chains are not good enough. 

•  Numerical methods: thermodynamic integration, 
nested sampling 

•  Use Gaussian approximation (possibly with 
several Gaussians: mixture models) 

•  For nested models (the simpler model is same as 
general model with some parameters fixed) 
Savage-Dickey: Bayes factor is just posterior/
prior of general model at nested point, 
marginalised over all common parameters. 



Savage-Dickey example 
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p=140/250 ppppppp

M0: p = ½ 
M1: p free 
M2: p = 140/250 
 
M0 and M2 nested in M1 
 
Savage-Dickey: 
 
 
 
->  B01 = 2.1 

 B21 = 12.7 
 B20 = B21/B01 = 6.1 

Bj1 =
P (D|Mj)
P (D|M1)

=
P (p|D)
P (p)



Statistics summary 
•  Bayes: P(θ|D) ~ P(D|θ) P(θ) 
•  Prior is an integral part of method (but posterior 

not very sensitive to it if data is any good) 

•  Bayesian statistics allows for (relatively) 
straightforward manipulation of probabilities 

•  Non-trivial examples tend to need MCMC or 
Gaussian approximations 

•  Model selection: P(M|D) 

•  Bayes factor B01=P(D|M0)/P(D|M1) ( betting odds ) 

•  want |ln(B)| > 2-3 for strong results 
•  Model selection is much more sensitive to prior  



ccosmological surveys 

•  brief overview 
•  example of a current survey: Planck 
•  future surveys 
•  example of future survey: Euclid       

(  Luca) 
•  putting it all together: current MG/DE 

constraints from Planck and other data 



ccosmological surveys 

ground 
(SKA) 

ground/space 
(optical) 

space/gr. 
(CMB) 

space 
(far IR, NIR) 

ground/space 
(optical) 

space 
r IR NIR)(faMB) ((faMB) ((faarararar ooor (r IR NIR)rr Irr Irrrr ooo(IR, NIR)II (IR, NIR)IIIII (IR, NIR)) IIIIIKA) (CMMB) ((faarrr 

•  galaxy surveys BAO, P(k), RSD, mag., nG  
•  weak lensing 
•  strong lensing 
•  CMB T+P & spectral distortions 
•  CMB weak lensing 
•  CMB SZ clusters (+ velocity field) 
•  intensity mapping 
•  CIB  
•  SN-Ia (+ perturbations?) 
•  neutrinos 
•  gamma rays 
•  gravitational waves 

not to forget: 
o  photo-z vs spec-z 
o  cross-correlations 
o  other new/creative uses! 

 discussion session 



(slide from Will Percival) 

Euclid 

(figure from JP Kneib) 



Measuring shear in next generation 
wide field cosmic shear surveys 

wweak lensing surveys 
(wide-field cosmic shear) 

 

first results 
2015 

CFHTLS: www.cfhtlens.org, KiDS: kids.strw.leidenuniv.nl, DES: www.darkenergysurvey.org 

2013-2018 



DData analysis in cosmology 
illustrated by the                 ssatellite 

(other Planck members here:  
Yashar Akrami & Marzieh Farhang) 



The scientific results that we present today are a product of 
the Planck Collaboration, including individuals from more 
than 100 scientific institutes in Europe, the USA and Canada   

Planck is a 
project of the 

European Space 
Agency, with 
instruments 

provided by two 
scientific 

Consortia funded 
by ESA member 
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tthe Planck satellite 

Planck is a microwave telescope 
 
diameter   4.2m 
height    4.2m 
mass at launch  1912kg 
fuel mass   385kg 
helium mass   7.7kg 
electrical power (ave)  1300W 
spin rate   1rpm 
on-board storage  32Gbit 
transmission rate  1.5Mbit/s 
daily contact period  3h 
LFI temperature  20K 
HFI temperature  0.1K 



tthe Planck ‘pixels’ 



tthe Planck mission 

launch
14 May 2009
13:12:02 UTC

mission terminated
October 2013



((nearly) raw data stream 



TTOI processing 

•  Simulations and 
data tests are 
absolutely crucial 
to verify the 
processing! 

•  Also need to look 
for ‘unknown 
unknowns’ in 
data stream 

•  Lots of things can 
(& do) go wrong 



tthe sky seen by Planck 

(1 cm) 

(0.3 cm) 

(0.85 mm) (0.35 mm)

Planck 2015 raw temperature maps 



ccomponent separation 

The CMB is only part of the signal 
that Planck receives from the sky 
  we need to ‘clean’ the maps 

    (or separate into components) 
 

multiple ways: 
•  Bayesian parametric approach 

uses a parametrized model for all 
foregrounds and samples from joint 
posterior (w/ Gibbs sampling) 

•  Internal Linear Combination (ILC) 
minimizes variance of output in needlet (wavelet) space under CMB amplitude constraint 

•  Template cleaning 
derive templates from difference maps and fit  

•  Independent Component Analysis (ICA) 
linear ICA algorithm that uses CMB frequency and estimated cov. mat., minimizing 
spectral covariance mismatch w/ KL divergence 

T (x, ν) = d(x, ν)−
n∑

j=1

αj(ν)tj(x)

d(x, ν) =

n∑
j=1

Aj(x, ν)sj(x) + n(x, ν)



pplanck 2015 component maps 

Maximum posterior intensity maps derived from the joint analysis of Planck, WMAP, and 408MHz observations 



tthe Planck CMB map 

‘SMICA’ CMB map (central 3% replaced w/ constrained realization) 

(for illustration only, not used in this form in analysis!) 



SSMICA raw power spectrum 

δT: isotropic Gaussian random field (needs testing!) 
 power spectrum (~ variance) contains full information 

Fourier transform on 
sphere:  
•  spherical harmonics 

are eigenmodes 
•  orientation (m) not 

important due to 
isotropy 

C� = 〈|a�m|2〉



red curve: 
best fit 6-parameter ΛCDM (‘standard’) model 
  fits thousands of Cl / millions of pixels 

 

PPlanck 2015 TT combined: 
ell range 30 – 2508 

2 = 2546.67; Ndof = 2479 
probability 16.8% 

2015 
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tthe cosmic microwave background 

angular fluctuation spectrum in CMB ca 1998: 

COBE (1992) 
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angular scale of fluctuations 
large scales small scales 



red curve: 
best fit 6-parameter ΛCDM (‘standard’) model 
  fits thousands of Cl / millions of pixels 

 

PPlanck 2015 TT combined: 
ell range 30 – 2508 

2 = 2546.67; Ndof = 2479 
probability 16.8% 

2015 
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mmeasuring cosmological parameters 

(Wayne Hu) (Wayne Hu) 

varying baryon content varying curvature 
or Λ content 

The CMB fluctuations depend on the values of the 
parameters 
 we just vary all of them to find the best values 

(there are public codes for this, e.g. CAMB and CLASS) 



hhow to constrain parameters 

P (θ|D,H) =
P (D|θ,H)P (θ|H)

P (D|H)
Bayes theorem: 

posterior 
likelihood 

prior 

parameters 
data 

hypothesis 
(e.g. model) 

•  pick a model H with parameters θ, decide on a prior 
•  get code to compute ‘observables’ (camb or CLASS for us) 
•  get likelihood (encapsulates data) 
•  explore posterior with MCMC (e.g. cosmomc) 
•  obtain credible intervals, model probabilities, etc. 

 

dd ttd
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tthe likelihood ‘black box’ 

•  most basic approach: Gaussian pixel based likelihood using linear 
combinations of maps and templates to remove foregrounds (or fit for them) 

•  data model: data = signal + noise 
•  signal covariance matrix:  

•  full likelihood (M=S+N):  

•  this is used at low resolution, M is too big at high resolution (10’s to 100’s of 
millions of pixels)  using a Gaussian approximation in the Cl instead (and 
binning in ell space) 

•  need to deal with mask and inhomogeneous noise, and need to fit for 
calibrations and beams as well 

•  we can easily end up with >40 nuisance parameters (foreground properties, 
beams, calibrations, …) in addition to the 6+ “cosmology parameters” 

S[C�] =

�max∑
�=2

C�
2�+ 1

4π
B2

�P�

P (d|C�) =
1

2π|M |1/2 exp

{
−1

2
dTM−1d

}



bbasic cosmological results 

spatial curvature: Ωk=0.000±0.005 (95%) 

relative matter 
density today 
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flat universe: 
(1σ errors) 
 
age [Gyr]: 
13.80 ± 0.04 
 

expansion rate: 
H0 = 67.3 ± 0.7 
[km/s/Mpc] 
 
initial spectrum: 
ns = 0.965±0.005 

dark 
matter 

normal 
matter 

dark energy 

flat universe: 
(1σ errors) 

age [Gyr]: 
13.80 ± 0.04 

expansion rate: 
H0 = 67.3 ± 0.7 
[km/s/Mpc] 

initial spectrum: 
ns = 0.965±0.005 



eextreme compression! 

1.  science samples: 530’632’594’653 
(991’929’524’565 for full mission), a 
few terabytes 

2. maps: ca 50 mega-pixels, compression 
10’000:1 

3.  power spectrum: ca 2500 values, 
compression 20’000:1 

4. model: 6 parameters, compression 
3000:1 

total compression ca 1011:1 ! 

(nearly 107:1 from map) 
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ffuture surveys (near-term) 

•  DES 
•  wide-field camera on 4m telescope, 2013-2018 
•  5000 deg2, optical (griz), goal 3x108 galaxies 
•  probes: LSS/BAO, WL, SNe, clusters 
•  photo-z’s 

•  eBOSS/SDSS-IV 
•  Sloan telescope (2.5m) 
•  1500 deg2 (106 ELG) + 7500 deg2 60k quasars, LRG’s 
•  2014 – 2020 

•  other LSS: Pan-STARRS (2x 1.8m, 5 filters, Hawaii), VST-VISTA 
(ESO Paranal, VST 2.6m, VISTA 4.1m, surveys KiDS, VHS), 
SkyMapper (1.35m, southern sky, 6 filters), PAU/JPAS (Spain, many 
filters, ‘near-spec’ redshifts) 

•  CMB: several suborbital experiments with 1000’s of detectors, for 
polarisation (E & B), lensing, CIB 



ffuture surveys (medium term) 
•  Multi-object spectrographs on 4m class telescopes 

•  5000 to 14000 deg2, ca 4x107 spec gal, 5x105 quasars, cosmic 
variance limited to z~1.4 

•  DESI (BigBOSS+DESpec), 2019 start 
•  WEAVE (2018 start), 4MOST (2020 start?) 

•  MOS on 10 class telescopes 
•  HETDEX (Hobby Eberle) 420 deg2, 800’000 gal 1.9<z<3.5 
•  PFS (Subaru) 1400 deg2 ELGs, 3x106 gals, 0.6<z<2.4 

•  imaging surveys 
•  LSST: 8.4m telescope, rolling survey, WL & photo-z, 2021 – 2030 

•  space missions 
•  Euclid (30M spec gal, 109 WL gal, 0.9<z<1.8), launch 2020 
•  SPHEREx: 20cm telescope, launch 2020+ (?) 
•  WFIRST: launch 202X(?) 

•  CMB: (LiteBIRD, PIXIE, COrE++) / GW: eLISA / … 

•  radio 
•  CHIME/HIRAX: intensity mapping, 2016+ 
•  SKA1 / SKA2: lots, 2020+ 

•  and many more that I forgot… (adv LIGO/VIRGO, icecube, etc, …) 



BBAO’s from future surveys 

(figures from Will Percival) 

but what about systematics? 



                                                                     Euclid 

Measuring shear in next generation 
wide field cosmic shear surveys 

                   



SSKA constraints (from SKA, not Euclid ☺) 

(Raccanelli et al. 2014) 

(Santos et al. 2014) 
(Bull et al. 2014) 



  

ca 2020 

more 
details 
on: 

near-infrared and optical 
space telescope 
•  15’000 square degrees 
•  1 million+ images 
•  data rate ~1Tb/day 
•  ~100 Pb data (inc grnd)  
•  12 billion sources 
•  1.5 billion shapes 
•  30 million redshifts 

 Luca 



Modified 
Gravity Dark Matter Initial 

Conditions Dark Energy 

Parameter  γ m ν  /eV fNL wp wa FoM 

Ref: Euclid RB  arXiv:
1110.3193  

= 1/(Δw0×Δwa)  

Assume systematic errors are under control 

•  DE equation of state:  P/ρ = w  , and w(a) = wp + wa(ap-a)  
•  Growth rate of structure formation:  f ~ Ω γ ;   
•  From Euclid data alone, get FoM=1/(Δwa x Δwp) > 400  ~1% precision on w’s. 
•  Notice neutrino constraints -> minimal mass possible ~ 0.05 eV! 
            

current 

constraints 

(Planck++) 



simplified observations 

•  Curvature from radial & transverse BAO 
•  w(z) from SN-Ia, BAO directly (and 

contained in most other probes) 
•  In addition 5 quantities, e.g. φ, ψ, bias, δm, Vm 
•  Need 3 probes (since 2 cons eq for DM) 
•  e.g. 3 power spectra: lensing, galaxy, velocity 
•  Lensing probes φ + ψ
•  Velocity probes ψ (z-space distortions?) 
•  And galaxy P(k) then gives bias 

 (-> Euclid ☺ ) 



DDE/MG constraints w/ current data 
(Planck 2015 paper XIV) 

•  Planck CMB data (temperature + polarization) 

•  ‘background’ (BSH): constrain H(z)  w(z) 
•  supernovae: JLA 
•  Baryon acoustic oscillations (BAO): SDSS, BOSS LOWZ & 

CMASS, 6dFGS 
•  H0: (70.6 ± 3.3) km/s/Mpc [Efstathiou 2014] 

•  redshift space distortions (BAO/RSD) 
•  sensitive to velocities from gravitational infall 
•  acceleration of test-particles (galaxies) come from grad ψ 
•  usually given as limit on fσ8 (continuity eq.)  
•  we use BOSS CMASS 

•  gravitational lensing (WL and CMB lensing) 
•  deflection of light governed by φ+ψ 
•  galaxy weak lensing: CFHTLenS with ‘ultraconservative cut’ 
•  CMB lensing: lensing of Planck CMB map 

•  extracted from map trispectrum 
•  power spectrum is also lensed! 



22015 TT power spectrum 

2015 



22015 polar power spectrum 

•  scattering of photons off 
electrons depends on 
polarisation 

•  polarisation decomposed into 
•  E: gradient type 
•  B: vector / rotation type 

•  for density / scalar perturbations 
alone, TT predicts TE and EE (and 
no B-type polarisation) 

•  CMB lensing, other constituents 
(e.g. grav. waves) and foregrounds 
create B-type polarisation 



sstandard rulers: BAO 

animation by Eisenstein, uses cmbfast 

• 
• 

• 
• 

arXiv:1203.6594 



BAO distances 

Planck 2015 

BOSS 

a standard ruler of ~150 comoving Mpc 
gives us an angular diameter distance 
(linked to same scale as CMB peak 
position!) 



rredshift space distortions 

We observe galaxies in redshift space, not real space 
•  large scales: coherent infall  squashing 
•  small scales random motion  elongation (`finger of god’) 



redshift space distortions 

•  particle conservation: velocities  growth 
  RSD measure combination fσ8, f = dlnD/dlna 

•  particle acceleration ~ grad Ψ 



gravitational lensing 

seen as a future key probe,  
but difficult: 
•  non-linear scales 
•  baryons 
•  intrinsic alignments 

(Heymans et al 
CFHTLenS) 

mass deflects light 
this distorts galaxy 
shapes a tiny bit 

(lensing potential 
~ Φ+Ψ) 



ccomparison with 
lensing data 

WL, Heymans et al 

CMB lensing 

•  WL still young technique 
•  CFHTLenS analyses marginally 

compatible with each other 
•  region ~Planck needs high H0 
•  we use ‘ultraconservative’ cut 

•  CMB lensing now quite mature 
•  relatively good agreement with 

primary CMB 
•  (still a slight ‘lensing excess’ in 

power spectrum) 



CCMB lensing 

(and ~10σ detection of 
 lensing x B-modes) 

(SPT) 

(ACT) 



ddark energy 

effective quintessence 
w(z) = w0 + (1-a)wa 

•  Planck and WL prefer high H0 and the ‘phantom domain’ 
•  no deviation from LCDM when adding BAO+JLA+H0 
•  const w: w=-1.02±0.04 (TT,TE,EE+lowP+lensing+ext) 

effective quintessence 
w(z) = w0 + (1-a)wa



ww(z) reconstruction 

from ensemble of  
w0+(1-a)wa curves 
(we also tried cubic in a) 

PCA 
(we also tried more bins) 

no deviation from w=-1 no deviation from w=-1 

(95% bounds) 
(95% bounds) 



eeffective field theory of DE 

 non-minimally coupled 
    K-essence model 

 generalize action (consider it as EFT action) 
 e.g. universally coupled theories of one extra scalar d.o.f. with 2nd 
order equations of motion respecting isotropy and homogeneity 

H(t) : LCDM background 
αT=αH=0, αM,αB,αK=f(Ω) 



pphenomenological approach 

parameterisation of  
late-time perturbations: 

functions ~ ΩDE(a) 
ΛCDM background 
 
•  no scale dependence 

detected 
•  deviation driven by 

CMB and WL 

Δχ2 = -10.8  (Planck TT+lowP+WL+BAO/RSD) 



MMG impact on observables 

best-fit model 
is similar to 
-- model 
 
CMB data 
prefers lower 
low-l value 
and higher 
lensing in TT 
 
BUT NOT in the 
4-point lensing 
 CMB lensing 

prefers LCDM! 
 
 doesn’t look 

very significant 
after all?  

best-fit model 
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CMB data 
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low-l value 
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lensing in TT 
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4-point lensing 

CMB lensing 
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doesn’t look 
very significant 
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ISW cross-corr. 
     (paper XXI) 

(there is a funny issue when 
stacking CMB anisotropies at 
locations of known structures) 



ooverall conclusions 
•  we seem to need dark energy or modified gravity, but 

we do not have a really convincing model 
•   try to find observational hints 
•  tremendous progress in last 20 years 

•  especially CMB, SN-Ia, BAO 

•  over the next 20 years this will continue 
•  big improvements in lensing, RSD, clusters / 

structure formation, other perturbation tests 
•  huge statistics (‘raw’ data), but systematics? 
•  theory needs to keep up as well! 

•  other, creative uses of future observations? 
•  we should test all our assumptions, not only the nature 

of DE/MG 


